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Abstract

Crowdsourcing is a popular paradigm for effectively collecting labels at low cost. The
Dawid-Skene estimator has been widely used for inferring the true labels from the noisy
labels provided by non-expert crowdsourcing workers. However, since the estimator maxi-
mizes a non-convex log-likelihood function, it is hard to theoretically justify its performance.
In this paper, we propose a two-stage efficient algorithm for multi-class crowd labeling prob-
lems. The first stage uses the spectral method to obtain an initial estimate of parameters.
Then the second stage refines the estimation by optimizing the objective function of the
Dawid-Skene estimator via the EM algorithm. We show that our algorithm achieves the
optimal convergence rate up to a logarithmic factor. We conduct extensive experiments on
synthetic and real datasets. Experimental results demonstrate that the proposed algorithm
is comparable to the most accurate empirical approach, while outperforming several other
recently proposed methods.

Keywords: crowdsourcing, spectral methods, EM, Dawid-Skene model, non-convex op-
timization, minimax rate

1. Introduction

With the advent of online services such as Amazon Mechanical Turk, crowdsourcing has
become an efficient and inexpensive way to collect labels for large-scale data. However,
labels collected from the crowd can be of low quality since crowdsourcing workers are often
non-experts and sometimes unreliable. As a remedy, most crowdsourcing services resort to
labeling redundancy, collecting multiple labels from different workers for each item. Such
a strategy raises a fundamental problem in crowdsourcing: how to infer true labels from
noisy but redundant worker labels?

(©2016 Yuchen Zhang and Xi Chen and Dengyong Zhou and Michael I. Jordan.



ZHANG, CHEN, ZHOU AND JORDAN

For labeling tasks with k different categories, Dawid and Skene (1979) develop a max-
imum likelihood approach to this problem based on the EM algorithm. They assume that
each worker is associated with a k x k confusion matrix, where the (I, ¢)-th entry represents
the probability that a random chosen item in class [ is labeled as class ¢ by the worker. The
true labels and worker confusion matrices are jointly estimated by maximizing the likelihood
of the observed labels, where the unobserved true labels are treated as latent variables.

Although this EM-based approach has had empirical success (Snow et al., 2008; Raykar
et al., 2010; Liu et al., 2012; Zhou et al., 2012; Chen et al., 2013; Zhou et al., 2014), there is as
yet no theoretical guarantee for its performance. A recent theoretical study (Gao and Zhou,
2014) shows that the global optimal solutions of the Dawid-Skene estimator can achieve
minimax rates of convergence in a simplified scenario, where the labeling task is binary and
each worker has a single parameter to represent her labeling accuracy (referred to as the
“one-coin” model in what follows). However, since the likelihood function is nonconvex, this
guarantee is not operational because the EM algorithm can get trapped in a local optimum.
Several alternative approaches have been developed that aim to circumvent the theoretical
deficiencies of the EM algorithm, still the context of the one-coin model (Karger et al., 2013,
2014; Ghosh et al., 2011; Dalvi et al., 2013), but, as we survey in Section 2, they either fail
to achieve an optimal rate or make restrictive assumptions that can be hard to justify in
practice.

We propose a computationally efficient and provably optimal algorithm to simultane-
ously estimate true labels and worker confusion matrices for multi-class labeling problems.
Our approach is a two-stage procedure, in which we first compute an initial estimate of
worker confusion matrices using a spectral method, and then in the second stage we turn
to the EM algorithm. Under some mild conditions, we show that this two-stage procedure
achieves minimax rates of convergence up to a logarithmic factor, even after only one iter-
ation of EM. In particular, given any § € (0,1), we provide an upper bound on the number
of workers and the number of items so that our method can correctly estimate labels for all
items with probability at least 1 — d. We also establish a matching lower bound. Further,
we provide both upper and lower bounds for estimating the confusion matrix of each worker
and show that our algorithm achieves the optimal accuracy.

This work not only provides an optimal algorithm for crowdsourcing but provides new
general insight into the method of moments. Empirical studies show that when the spectral
method is used as an initialization for the EM algorithm, it outperforms EM with random
initialization (Liang, 2013; Chaganty and Liang, 2013). This work provides a concrete way
to justify such observations theoretically. It is also known that starting from a root-n
consistent estimator obtained by the spectral method, one Newton-Raphson step leads to
an asymptotically optimal estimator (Lehmann and Casella, 2003). However, obtaining
a root-n consistent estimator and performing a Newton-Raphson step can be demanding
computationally. In contrast, our initialization doesn’t need to be root-n consistent, thus
a small portion of data suffices to initialize. Moreover, performing one iteration of EM is
computationally more attractive and numerically more robust than a Newton-Raphson step
especially for high-dimensional problems.

The paper is organized as follows. In Section 2, we provide background on crowdsourcing
and the method of moments for latent variables models. In Section 3, we describe our
crowdsourcing problem. Our provably optimal algorithm is presented in Section 4. Section
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5 is devoted to theoretical analysis (with the proofs gathered in the Appendix). In Section
6, we consider the special case of the one-coin model. A simpler algorithm is introduced
together with a sharper rate. Numerical results on both synthetic and real datasets are
reported in Section 7, followed by our conclusions in Section 8.

2. Related Work

Many methods have been proposed to address the problem of estimating true labels in
crowdsourcing (Whitehill et al., 2009; Raykar et al., 2010; Welinder et al., 2010; Ghosh
et al., 2011; Liu et al., 2012; Zhou et al., 2012; Dalvi et al., 2013; Karger et al., 2014, 2013;
Parisi et al., 2014; Zhou et al., 2014). The methods in Raykar et al. (2010); Ghosh et al.
(2011); Karger et al. (2014); Liu et al. (2012); Karger et al. (2013); Dalvi et al. (2013) are
based on the generative model proposed by Dawid and Skene (1979). In particular, Ghosh
et al. (2011) propose a method based on Singular Value Decomposition (SVD) which ad-
dresses binary labeling problems under the one-coin model. The analysis in Ghosh et al.
(2011) assumes that the labeling matrix is full, that is, each worker labels all items. To relax
this assumption, Dalvi et al. (2013) propose another SVD-based algorithm which explicitly
considers the sparsity of the labeling matrix in both algorithm design and theoretical anal-
ysis. Karger et al. (2014) propose an iterative algorithm for binary labeling problems under
the one-coin model and extended it to multi-class labeling tasks by converting a k-class
problem into k — 1 binary problems (Karger et al., 2013). This line of work assumes that
tasks are assigned to workers according to a random regular graph, thus imposes specific
constraints on the number of workers and the number of items. In Section 5, we compare our
theoretical results with that of existing approaches (Ghosh et al., 2011; Dalvi et al., 2013;
Karger et al., 2014, 2013). The methods in Raykar et al. (2010); Liu et al. (2012); Chen
et al. (2013) incorporate Bayesian inference into the Dawid-Skene estimator by assuming a
prior over confusion matrices. Zhou et al. (2012, 2014) propose a minimax entropy principle
for crowdsourcing which leads to an exponential family model parameterized with worker
ability and item difficulty. When all items have zero difficulty, the exponential family model
reduces to the generative model suggested by Dawid and Skene (1979).

Our method for initializing the EM algorithm in crowdsourcing is inspired by recent
work using spectral methods to estimate latent variable models (Anandkumar et al., 2014,
2015, 2012, 2013; Chaganty and Liang, 2013; Zou et al., 2013; Hsu et al., 2012; Jain and Oh,
2014). The basic idea in this line of work is to compute third-order empirical moments from
the data and then to estimate parameters by computing a certain orthogonal decomposition
of tensor derived from the moments. Given the special symmetric structure of the moments,
the tensor factorization can be computed efficiently using the robust tensor power method
(Anandkumar et al., 2014). A problem with this approach is that the estimation error can
have a poor dependence on the condition number of the second-order moment matrix and
thus empirically it sometimes performs worse than EM with multiple random initializations.
Our method, by contrast, requires only a rough initialization from the moment of moments;
we show that the estimation error does not depend on the condition number (see Theorem
4 (b)).

Recently, Balakrishnan et al. (2016) study the convergence rate of EM algorithm under a
good initialization, which belongs to a ball centered at the true parameter. They show that
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when the radius of the ball is small enough to satisfy certain gradient stability condition
and sample deviation condition, EM has a geometric convergence rate. Although this is an
insightful theoretical result, Balakrishnan et al. (2016) fail to provide a practical approach
to constructing such an initialization.

Other related work is by Dasgupta and Schulman (2007), who study an EM algorithm for
learning mixture of Gaussians under certain initialization. They establish a nearly optimal
estimation precision when using a two-round EM algorithm to learn the parameters from a
mixture of k£ well-separated spherical Gaussians in the high-dimensional space. The space
dimension d is assumed to be much greater than log(k). Although the high-level idea is
quite similar to ours (i.e., constructing a good initializer and running one or two steps of
EM), our work is different from this work in several respects. First, while Dasgupta and
Schulman (2007) require the Gaussian means to be well separated, we do not assume the
workers’ labeling distributions for different true labels to be separated. In fact, for any
worker, we allow his/her labeling distributions for two classes to be arbitrarily close or even
identical. We only assume that there is a partitioning of the workers into three groups,
such that the averaged confusion matrix of each group has full rank. Second, Dasgupta and
Schulman (2007) consider the high-dimensional case where the dimension of the parameter
space is d > log(k). In crowdsourcing, the labeling distribution lies in a k-dimensional
space where k is the number of classes. Typically k is a small integer (below 10). Finally,
in terms of analysis technique, Dasgupta and Schulman (2007) heavily rely on Gaussian
concentration results. Our work uses a variety of techniques for different theorems. In
particular, for Theorem 3, we repeatedly use matrix perturbation and matrix concentration
results to establish the sample complexity for the spectral method. For Theorem 4, we create
three random events in equation (33) (that holds with high probability), then establish
both a prediction error bound and a confusion matrix estimation error bound for the EM
algorithm. We use Le Cam’s method (Yu, 1997) to establish the minimax lower bound
result in Theorem 5.

3. Problem Setting

Throughout this paper, [a] denotes the integer set {1,2,...,a} and o,(A) denotes the b-th
largest singular value of matrix A. Suppose that there are m workers, n items and k classes.
The true label y; of item j € [n] is assumed to be sampled from a probability distribution
Ply; =] = w; where {w; : | € [k]} are positive values satisfying Zle w; = 1. Denote by a
vector z;; € R* the label that worker i assigns to item j. When the assigned label is ¢, we
write z;; = e., where e. represents the c-th canonical basis vector in RF in which the c-th
entry is 1 and all other entries are 0. A worker may not label every item. Let 7; indicate the
probability that worker ¢ labels a randomly chosen item. If item j is not labeled by worker
i, we write z;; = 0. Our goal is to estimate the true labels {y; : j € [n]} from the observed
labels {z;; : i € [m],j € [n]}.

For this estimation purpose, we need to make assumptions on the process of generating
observed labels. Following the work of Dawid and Skene (1979), we assume that the proba-
bility that worker 7 labels an item in class [ as class ¢ is independent of any particular chosen
item, that is, it is a constant over j € [n]. Let us denote the constant probability by p.. Let
pir = [y paz -+ pak)” . The matrix C; = [i1 iz ... fik] € RF*k s called the confusion
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Algorithm 1: Estimating confusion matrices

Input: integer k, observed labels z;; € R¥ for i € [m] and j € [n].

Output: confusion matrix estimates C; € R¥** for i € [m].

(1) Partition the workers into three disjoint and non-empty group G1, G2 and Gs.
Compute the group aggregated labels Z,; by Eq. (1).

(2) For (a,b,c) €{(2,3,1),(3,1,2),(1,2,3)}, compute the second and the third order

o~

moments My € RF*k My € RFXF*k by Bq. (2a)-(2d), then compute C° € R¥* and
W € RF*F by tensor decomposition:

(a) Compute whitening matrix @ € R¥*¥ (such that @\T]\//fz@ = I) using SVD.

(b) gi)mpute eigenvalue-eigenvector pairs {(Qp, vy)}¥_, of the whitened tensor
Mg(@, @, @) by using the robust tensor power method. Then compute w, = &;2
and 715 = (QT) ! (ann)-

(¢) For Il =1,...,k, set the [-th column of 5§ by some fij whose I-th coordinate has
the greatest component, then set the I-th diagonal entry of W by wp,.

(3) Compute Ci by Eq. (5).

matriz of worker ¢. In the special case of the one-coin model, all the diagonal elements of
C; are equal to a constant while all the off-diagonal elements are equal to another constant
such that each column of C; sums to 1.

4. Our Algorithm

In this section, we present an algorithm to estimate the confusion matrices and true labels.
Our algorithm consists of two stages. In the first stage, we compute an initial estimate for
the confusion matrices via the method of moments. In the second stage, we perform the
standard EM algorithm by taking the result of the Stage 1 as an initialization.

4.1 Stage 1: Estimating confusion matrices

Partitioning the workers into three disjoint and non-empty groups Gp, G2 and G3, the
outline of this stage is the following: we use the method of moments to estimate the averaged
confusion matrices for the three groups, then utilize this intermediate estimate to obtain
the confusion matrix of each individual worker. In particular, for g € {1,2,3} and j € [n],
we calculate the averaged labeling within each group by

1
Zgj = |G7 Z Zij- (1)

ol i€Gy



ZHANG, CHEN, ZHOU AND JORDAN

Denoting the aggregated confusion matrix columns by

1
le = E(Zyly; =1) = 7|Gg| Z T il

i€Gy
our first step is to estimate C := [ugy, pugo, - - - » F‘;k] and to estimate the distribution of true
labels W := diag(w1,ws, . .., wy). The following proposition shows that we can solve for Cg

and W from the moments of {Z,;}.

Proposition 1 (Anandkumar et al. (2015)) Assume that the vectors {figy, tiga, - - -, fgr }
are linearly independent for each g € {1,2,3}. Let (a,b,c) be a permutation of {1,2,3}.
Define

Zz,zj = E[ZC] ® ij] (E[Zaj ® ij])il Zaj
Zp; =B Zej @ Zaj) (B[ Z; @ Zaj)) ™" Zaj,
My :=E[Z,; ® Zy,],
My :=E[Z,; ® Zy; @ Zej]
Then,
k k
My = Zwl pog @ py  and Mg = Zwl fhog @ gy @ figy-
=1 =1

Since we only have finite samples, the expectations in Proposition 1 must be approxi-
mated by empirical moments. In particular, they are computed by averaging over indices
j=1,2,...,n. For each permutation (a,b,c) € {(2,3,1),(3,1,2),(1,2,3)}, we compute

~ 1 & 1 < -1
Zoy = (500 20 @ 2y) (3, D Zai © Z) Zay (2a)
j=1 j=1
~ 1< 1 -1
Z[/,j = (ﬁ Z ch & Zaj) (; Zij ® Zaj) ij’ (Qb)
j=1 J=1
—~ 1
Jj=1
—~ 1<~
M3 = E Z; Z(/z] & ZI/)J X ch‘ (Zd)
j=

The statement of Proposition 1 suggests that we can recover the columns of CY and
the diagonal entries of W by operating on the moments ]\/4\2 and ]\//.73. This is implemented
by the tensor factorization method in Algorithm 1. In particular, the tensor factorization
algorithm returns a set of vectors { (i, wp) : h =1,...,k}, where each (fij,w)) estimates a
particular column of CY (for some £$) and a particular diagonal entry of W (for some wy).
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It is important to note that the tensor factorization algorithm doesn’t provide a one-to-one
correspondence between the recovered column and the true columns of C¢. Thus, iS, ..., i},
represents an arbitrary permutation of the true columns.

To discover the index correspondence, we take each jij and examine its greatest com-
ponent. We assume that within each group, the probability of assigning a correct label
is always greater than the probability of assigning any specific incorrect label. This as-
sumption will be made precise in the next section. As a consequence, if [ij corresponds
to the [-th column of C?, then its [-th coordinate is expected to be greater than other
coordinates. Thus, we set the [-th column of ég to some vector i; whose [-th coordinate
has the greatest component (if there are multiple such vectors, then randomly select one
of them; if there is no such vector, then randomly select a 7). Then, we set the [-th

diagonal entry of W to the scalar Wy, associated with p7. Note that by iterating over
(a,b,¢) € {(2,3,1),(3,1,2),(1,2,3)}, we obtain C? for ¢ = 1,2, 3 respectively. There will
be three copies of W estimating the same matrix W-—we average them for the best accuracy.

In the second step, we estimate each individual confusion matrix C;. The following
proposition shows that we can recover C; from the moments of {z;;}.

Proposition 2 For any g € {1,2,3} and any i € Gy, let a € {1,2,3}\{g} be one of the
remaining group index. Then

WiCiW(Cg)T = E[Zingz].

Proof First, notice that
k
El2i;205) = E [Elzi; 2% |y;]] = Zle (265 Z051y; = 1] - (3)
=1

Since z;; for 1 < ¢ < m are conditionally independent given y;, we can write
E [2i;Za;ly; = 1] = E2ijly; = W E [Zgsly; = 1] = (mipsa) (15" - (4)
Combining (3) and (4) implies the desired result,

k
ElzijZa;) = mi Y wipa(uy)” = mCW(C)T
=1

Proposition 2 suggests a plug-in estimator for Ci* We compute @ using the empirical
approximation of E[zing;] and using the matrices C, Cy, W obtained in the first step.
Concretely, we calculate

C; := normalize (% Zn: zing;) <W(62)T)_1 , (5)
j=1

where the normalization operator rescales the matrix columns, making sure that each col-
umn sums to 1. The overall procedure for Stage 1 is summarized in Algorithm 1.
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4.2 Stage 2: EM algorithm

The second stage is devoted to refining the initial estimate provided by Stage 1. The joint
likelihood of true label y; and observed labels z;;, as a function of confusion matrices j;,
can be written as

n m k
L(p;y, 2 HHH Nzy] H(zij:ec)-

By assuming a uniform prior over y, we maximize the marginal log-likelihood function

Up) :=1log | Y Ly, 2) | . (6)

yElk]™

We refine the initial estimate of Stage 1 by maximizing the objective function (6), which
is implemented by the Expectation Maximization (EM) algorithm. The EM algorithm
takes as initialization the values {fi;.} provided as output by Stage 1, and then executes
the following E-step and M-step for at least one round.

E-step Calculate the expected value of the log-likelihood function, with respect to the
conditional distribution of y given z under the current estimate of u:

Q) = By log(Lisi 2 z{zqﬂlog(nnw )}

i=1c=1
exp (20 Yoy 1z = ec) log(fiire))
Zf’:l exp (Zyil Zf:l I(zij = ec) log(ﬁz‘l’c))

where @y + for j € [n], | € [K].

(7)

M-step Find the estimate p that maximizes the function Q(u):

Y Gil(zi = ec
flite 2= Gl = eo) for i € [m], | € [k], ¢ € [K]. (8)

k ~
Zc’:l E?:l qle(Zz‘j = ec/)

In practice, we alternatively execute the updates (7) and (8), for one iteration or until
convergence. Each update increases the objective function ¢(x). Since ¢(p) is not concave,
the EM update doesn’t guarantee converging to the global maximum. It may converge to
distinct local stationary points for different initializations. Nevertheless, as we prove in
the next section, it is guaranteed that the EM algorithm will output statistically optimal
estimates of true labels and worker confusion matrices if it is initialized by Algorithm 1.

5. Convergence Analysis

To state our main theoretical results, we first need to introduce some notation and assump-
tions. Let

Winin 1= min{wl}le and T, := min{m }i",
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be the smallest portion of true labels and the most extreme sparsity level of workers. Our
first assumption assumes that both w,,;, and m,;, are strictly positive, that is, every class
and every worker contributes to the dataset.

Our second assumption assumes that the confusion matrices for each of the three groups,
namely C7, C§ and C¥, are nonsingular. As a consequence, if we define matrices Sg, and
tensors Ty for any a,b,c € {1,2,3} as

k k
Sap = Z wy pl @ gy = CSW(CH)T and  Type = Z wy fgy @ Py @ ey
=1 =1

then there will be a positive scalar oy, such that o (Sqe) > o > 0.

Our third assumption assumes that within each group, the average probability of assign-
ing a correct label is always higher than the average probability of assigning any incorrect
label. To make this statement rigorous, we define a quantity

. . . . o o
R ) TR ity W — Hate)
indicating the smallest gap between diagonal entries and non-diagonal entries in the confu-
sion matrix. The assumption requires that k is strictly positive. Note that this assumption
is group-based, thus doesn’t assume the accuracy of any individual worker.

Finally, we introduce a quantity that measures the average ability of workers in identify-
ing distinct labels. For two discrete distributions P and @, let Dky, (P, Q) := >, P (i) log(P(:)/Q(%))
represent the KL-divergence between P and (). Since each column of the confusion matrix
represents a discrete distribution, we can define the following quantity:

_ R s

D= min ; DKL (Kt i) - 9)
The quantity D lower bounds the averaged KL-divergence between two columns. If D is
strictly positive, it means that every pair of labels can be distinguished by at least one

subset of workers. As the last assumption, we assume that D is strictly positive.

The following two theorems characterize the performance of our algorithm. We split
the convergence analysis into two parts. Theorem 3 characterizes the performance of Algo-
rithm 1, providing sufficient conditions for achieving an arbitrarily accurate initialization.
We provide the proof of Theorem 3 in Appendix A.

Theorem 3 For any scalar 6 > 0 and any scalar € satisfying ¢ < min {% 2}, if

TminWminOL ’
the number of items n satisfies

_q k> log((k +m)/d)

- 212 w2 Uig )

then the confusion matrices returned by Algorithm 1 are bounded as
ICs = Cillos < € for all i € [m],

with probability at least 1 — 9. Here, || - ||oo denotes the element-wise lg-norm of a matric.
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Theorem 4 characterizes the error rate in Stage 2. It states that when a sufficiently
accurate initialization is taken, the updates (7) and (8) refine the estimates 1@ and ¥ to the
optimal accuracy. See Appendix B for the proof.

Theorem 4 Assume that pje > p holds for all (i,1,c) € [m] x [k]2. For any scalar 6 > 0,
if confusion matrices C; are initialized in a way such that

~ D
|Ci — Cilloc < @ := min B, p= for all i € [m] (10)
2° 16
and the number of workers m and the number of items n satisfy

=0 <log(1/p)10g(kn/5)> and n—Q <10g(mk/5)> ,

D ,]-‘—Ininl'uminOé2

then, for i and q obtained by iterating (7) and (8) (for at least one round), with probability
at least 1 — 06,

(a) Let §; = argmax;c(y] gji, then §; = y; holds for all j € [n].

(b) | — pa||3 < 2BL8EMRO) 4615 for all (i,1) € [m] x [K].

TWn

In Theorem 4, the assumption that all confusion matrix entries are lower bounded by
p > 0 is somewhat restrictive. For datasets violating this assumption, we enforce positive
confusion matrix entries by adding random noise: Given any observed label z;;, we replace
it by a random label in {1,...,k} with probability kp. In this modified model, every entry
of the confusion matrix is lower bounded by p, so that Theorem 4 holds. The random noise
makes the constant D smaller than its original value, but the change is minor for small p.

To see the consequence of the convergence analysis, we take error rate € in Theorem 3
equal to the constant a defined in Theorem 4. Then we combine the statements of the two
theorems. This shows that if we choose the number of workers m and the number of items
n such that

- /1 ~ S
—0(= d n=0 ). 11
m=a(5) md <wamwzﬁnai3min{p2,<pD>2}) =

that is, if both m and n are lower bounded by a problem-specific constant and logarithmic
terms, then with high probability, the predictor y will be perfectly accurate, and the esti-
mator 7i will be bounded as ||y — pall3 < O(1/(mwn)). To show the optimality of this
convergence rate, we present the following minimax lower bounds. See Appendix C for the
proof.

Theorem 5 There are universal constants ¢y > 0 and co > 0 such that:

10
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(a) For any {uqc}, {m:} and any number of items n, if the number of workers m < 1/(4D),
then

inf sup E[Zn:ﬂ@j # yj)’{uich {mity = v} > cin.

Yovelkr S

(b) For any {w;}, {m}, any worker-item pair (m,n) and any pair of indices (i,1) € [m] x [k],
we have

. —~ . 1
inf  sup B[ — a3 {un )] > mm{l, }

M MGRkaXk T;win

In part (a) of Theorem 5, we see that the number of workers should be at least 1/D,
otherwise any predictor will make many mistakes. This lower bound matches our sufficient
condition on the number of workers m (see Eq. (11)). In part (b), we see that the best
possible estimate for y; has 1/(mw;n) mean-squared error. It verifies the optimality of our
estimator fi;;. It is also worth noting that the constraint on the number of items n (see
Eq. (11)) depends on problem-specific constants, which might be improvable. Nevertheless,
the constraint scales logarithmically with m and 1/4, thus is easy to satisfy for reasonably
large datasets.

5.1 Discussion of theoretical results

In this section, we present a discussion of the foregoing theoretical results. In particular,
we compare Theorem 3 and Theorem 4 to existing theoretical results on crowdsourcing and
the EM method.

5.1.1 SPARSE SAMPLING REGIME VS. DENSE SAMPLING REGIME

In our theoretical analysis, we make the assumption that the minimum labeling frequency
Tmin 18 bounded away from zero, i.e., myin = (1). This corresponds to the dense sampling
regime where the average number of labels for each item should be ©(m). According to
Theorem 4, to guarantee perfect label prediction with probability 1 — §, we require the

log(1/0)mmin
D

average number of samples for each item to be ( ) Two related works in the

dense sampling regime include Ghosh et al. (2011) and Gao and Zhou (2014). Ghosh et al.
(2011) studied the one-coin model for binary labeling. To attain a § prediction error, their
algorithm requires m and n to scale with 1/§2, while our algorithm allows m and n to scale
with log(1/6). Gao and Zhou (2014) studied the minimax rate of the prediction error and
showed that maximizing likelihood is statistically optimal. However, they didn’t provide a
polynomial-time algorithm to achieve the minimax rate.

Another sampling regime is the sparse sampling regime, where the labeling frequency
Tmin g0€s to zero as the number of items n goes to infinity. In fact, this is a practical
regime for large-scale datasets when workers complete only a vanishing fraction of the total
tasks. As can be seen in condition (11), our theoretical result doesn’t apply to the very
sparse regime when m = o(1/4/n). Several work have been devoted to investigate the sparse
sampling regime (Karger et al., 2014, 2013; Dalvi et al., 2013). Under the sparse sampling

11
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regime, the high-probability recovery of all true labels might be impossible. However, it is
still of great interest to establish the upper bound on the prediction error as a function of
the average number of labels per item. Karger et al. (2014, 2013) show that if worker labels
are organized by a random regular bipartite graph, then the number of labels on each item
should scale as log(1/9), where ¢ is the label prediction error. Their analysis assumes that
the limit of number of items goes to infinity, or that the number of workers is many times
of the number of items. Dalvi et al. (2013) provide algorithms that improve the theoretical
guarantee for the one-coin model. Their algorithms succeed without the regular bipartite
graph assumption, and without the requirement that the limit of number of items goes to
infinity.

Although our theoretical analysis does not fully cover the sparse sampling regime, the
algorithm sill applies to the sparse regime and achieves reasonably good performance (see,
e.g., the experiment with TREC data in Section 7.2). Empirically, spectral-initialized EM
is rather robust for both dense and sparse sampling regimes.!

5.1.2 LOWER BOUND ON THE NUMBER OF ITEMS

In both Theorem 3 and 4, we require lower bounds on the number of times. It is interesting
to see whether these bounds can be improved. One idea is to improve those lower bounds
using the technique from Balakrishnan et al. (2016) discussed in Section 2. Nevertheless,
as we explain below, such improvement is up to a multiplicative factor 1/c, which doesn’t
depend on oy, w,;, and m,,;,. We recall that there are two lower bounds on the number of
items n in our theoretical results.

1. The lower bound in the condition of Theorem 3 (denoted by ngpectral)- It relies on the
target error €, the minimum singular value oy and the minimum prior probabilities
7Tmin’ wmin'

2. The lower bound in the condition of Theorem 4 (denoted by ngyp). It establishes the
performance guarantee for EM. This lower bound relies on the initialization accuracy
«a and the minimum prior probabilities 7, Winin-

Theorem 4 shows that it is sufficient to set the target error of Theorem 3 equal to € := a.
Thus, the constant ngpectral also depends on . Due to the additional dependence on oy,
the condition on ngpectral is more restrictive than that on ngy.

The result of Balakrishnan et al. (2016) provides conditions (e.g., gradient stability con-
dition and certain sample deviation condition) under which the EM method has geometric
convergence rate. Assuming that these conditions are weaker than ours in Theorem 4,
then instead of requiring the initialization condition ||C; — Cilles < a for all i € [m] as in
equation (10), we may have another constant o/ > a, such that ||C; — Cillso < o ensures
the linear convergence of EM. (It might be difficult to find the largest o/ that makes the
conditions of Balakrishnan et al. (2016) hold). The best possible value of o/ is 1 since any
entry of @ and C; is bounded by 1. This means that we can potentially improve ngpectral by

1. An anonymous reviewer pointed out that if the system designer has the control over how to assign
tasks to the workers, our result can be applied to sparse sampling regime via a grouping technique. In
particular, one can partition the items into groups of small size and assign different workers to each
groups of items so that the each subgroups of items and workers form a dense sub-matrix.

12
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a factor of 1/a. Note that « is a constant that doesn’t depend on or. Thus, this potential
improvement doesn’t affect the lower bound’s dependence on the condition number of the
confusion matrix.

The result of Balakrishnan et al. (2016) provides conditions for EM to work but it
doesn’t show how to initialize EM to satisfy these conditions. Our paper uses the spectral
method to do the initialization. As a consequence, the restriction on ngpectral is a premise
for the spectral method to work. In order to improve the dependence on the condition
number, one has to invent a better initialization scheme, which is out of the scope of this

paper.

5.1.3 DISCUSSION OF SIMPLE MAJORITY VOTING ESTIMATOR

It is also interesting to compare our algorithm with the majority voting estimator, where
the true label is simply estimated by a majority vote among workers. Gao and Zhou (2014)
show that if there are many spammers and few experts, the majority voting estimator gives
almost a random guess. In contrast, our algorithm requires a sufficiently large mD to
guarantee good performance. Since mD is the aggregated KL-divergence, a small number
of experts suffices to ensure it is large enough.

6. One-Coin Model

In this section, we consider a simpler crowdsourcing model that is usually referred to as the
“one-coin model.” For the one-coin model, the confusion matrix C; is parameterized by a
single parameter p;. More concretely, its entries are defined as

e P, (12)
In other words, the worker 7 uses a single coin flip to decide her assignment. No mat-
ter what the true label is, the worker has p; probability to assign the correct label, and
has 1 — p; probability to randomly assign an incorrect label. For the one-coin model, it
suffices to estimate p; for every worker ¢ and estimate y; for every item j. Because of its
simplicity, the one-coin model is easier to estimate and enjoys better convergence properties.

To simplify our presentation, we consider the case where 7; = 1; noting that with proper
normalization, the algorithm can be easily adapted to the case where m; < 1. The statement
of the algorithm relies on the following notation: For every two workers a and b, let the
quantity N, be defined as

Ny =

: _ =

k=1 (21 (zaj = 25) 1
n k]

For every worker ¢, let workers a;, b; be defined as

(a; b;) = argr(na;;({\Nab\ ta#b#i}

The algorithm contains two separate stages. First, we initialize p; by an estimator based on
the method of moments. In contrast with the algorithm for the general model, the estimator

13
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Algorithm 2: Estimating one-coin model

Input: integer k, observed labels z;; € R¥ for i € [m] and j € [n].
Output: Estimator p; for ¢ € [m] and y; for j € [n].

(1) Initialize p; by

(13)

(14)

. 1 . Nia, Nip,
Di < E + Slgn(le) ]l;aiibz
(2) If % Yo i > % does not hold, then set p; < % — pi for all i € [m)].
(3) Tteratively execute the following two steps for at least one round:
dji X exp (ZH(ZU = ¢;) log(p;) + I(zi; # €;) log ( - 11)) for j € [n], | € [K],
i=1
1 n k
Di < - ;;@ﬂl(zij =¢) for i € [m)], (15)
=1 l=

where update (14) normalizes gj;, making Zle ¢ji = 1 hold for all j € [n].

(4) Output {p;} and yj; := arg max;e,{qji}-

for the one-coin model doesn’t need third-order moments. Instead, it only relies on pairwise
statistics Ng. Second, an EM algorithm is employed to iteratively maximize the objective
function (6). See Algorithm 2 for a detailed description.

To theoretically characterize the performance of Algorithm 2, we need some additional
notation. Let k; be the i-th largest element in {|p; — 1/k|}[*,. In addition, let & :=
LS~ (pi — 1/k) be the average gap between all accuracies and 1/k. We assume that  is
strictly positive. We follow the definition of D in Eq. (9). The following theorem is proved
in Appendix D.

Theorem 6 Assume that p < p; < 1 — p holds for all i € [m]. For any scalar § > 0, if the
number of workers m and the number of items n satisfy

~ (log(1/p)log(kn/8) ) log(mk/8)
=0 (PEROZERND ) and ”‘Q<ngmin{m2,p2,<pm2}>’ (1e)

then, for p and y returned by Algorithm 2, with probability at least 1 — 6,
(a) y; = y; holds for all j € [n];

(b) |pi — pil < 2\/@ holds for all i € [m].
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Opt-D&S | MV-D&S | Majority Voting | KOS | Ghosh-SVD | EigenRatio
m=0.2 7.64 7.65 18.85 8.34 12.35 10.49
m™=0.5 0.84 0.84 7.97 1.04 4.52 4.52
m=1.0 0.01 0.01 1.57 0.02 0.15 0.15

Table 1: Prediction error (%) on the synthetic dataset. The parameter 7 indicates the
sparsity of data—it is the probability that the worker labels each task.

It is worth contrasting condition (11) with condition (16), namely the sufficient con-
ditions for the general model and for the one-coin model. It turns out that the one-coin
model requires much milder conditions on the number of items. In particular, k3 will be
close to 1 if among all the workers there are three experts giving high-quality answers. As
a consequence, the one-coin model is more robust than the general model. By contrasting
the convergence rate of ji;; (by Theorem 4) and p; (by Theorem 6), the convergence rate of
pi does not depend on {w;}¥ ;. This is additional evidence that the one-coin model enjoys
a better convergence rate because of its simplicity.

7. Experiments

In this section, we report the results of empirical studies comparing the algorithm we propose
in Section 4 (referred to as Opt-D&S) with a variety of other methods. We compare to the
Dawid & Skene estimator initialized by majority voting (refereed to as MV-D&S), the pure
majority voting estimator, the multi-class labeling algorithm proposed by Karger et al.
(2013) (referred to as KOS), the SVD-based algorithm proposed by Ghosh et al. (2011)
(referred to as Ghost-SVD) and the “Eigenvalues of Ratio” algorithm proposed by Dalvi
et al. (2013) (referred to as EigenRatio). The evaluation is made on three synthetic datasets
and five real datasets.

7.1 Synthetic data

For synthetic data, we generate m = 100 workers and n = 1000 binary tasks. The true
label of each task is uniformly sampled from {1,2}. For each worker, the 2-by-2 confusion
matrix is generated as follow: the two diagonal entries are independently and uniformly
sampled from the interval [0.3,0.9], then the non-diagonal entries are determined to make
the confusion matrix columns sum to 1. To simulate a sparse dataset, we make each worker
label a task with probability 7. With the choice 7 € {0.2,0.5, 1.0}, we obtain three different
datasets.

We execute every algorithm independently ten times and average the outcomes. For the
Opt-D&S algorithm and the MV-D&S estimator, the estimation is outputted after ten EM
iterates. For the group partitioning step involved in the Opt-D&S algorithm, the workers
are randomly and evenly partitioned into three groups.

The main evaluation metric is the error of predicting the true label of items. The
performance of various methods are reported in Table 1. On all sparsity levels, the Opt-
D&S algorithm achieves the best accuracy, followed by the MV-D&S estimator. All other
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Figure 1: Comparing the convergence rate of the Opt-D&S algorithm and the MV-D&S es-
timator on synthetic dataset with 7 = 0.2: (a) convergence of the prediction error.
(b) convergence of the squared error » ", IC; — C;||% for estimating confusion
matrices.

methods are consistently worse. It is not surprising that the Opt-D&S algorithm and the
MV-D&S estimator yield similar accuracies, since they optimize the same log-likelihood
objective. It is also meaningful to look at the convergence speed of both methods, as
they employ distinct initialization strategies. Figure 1 shows that the Opt-D&S algorithm
converges faster than the MV-D&S estimator, both in estimating the true labels and in
estimating confusion matrices. This can be explained by the general theoretical guarantee
associated with Opt-D&S (recall Theorem 3).

The first and the second iteration of the Opt-D&S curve in Figure 1(b) correspond to the
confusion matrix estimation error achieved by 1) the spectral method and 2) the spectral
method with one iteration of EM, respectively. In Table 2, we provide a more detailed
comparison, where the errors are compared with 7 € {0.2,0.5,1.0} and at different stages
of the iteration. We found that for dense data (m = 1), the spectral method alone provides
a reasonably good estimate on the confusion matrix, but its performance degenerates as
the data becomes sparser. For both dense and sparse data, the spectral method with one
iteration of EM achieves the nearly optimal error rate, which coincides with our theoretical
prediction. In contrast, if the algorithm is initialized by majority voting, then one iteration
of EM fails to provide a good estimate. Table 2 shows that its error rate is an order-
of-magnitude higher than the spectral method initialized EM. This supports our concern
that majority-voting initialization can be far from optimal—a principal motivation for this
paper. Nevertheless, both initializations converge to the same error rate after ten iterations.
Given the robustness of the EM method, deriving a sufficient and necessary condition under
which the majority-voting initialization converges to an optimal solution remains an open
problem.
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T=02|7=05|7=1.0
Spectral Method 2.084 0.583 0.164
Opt-D&S (1st iteration) 0.972 0.352 0.143
Opt-D&S (10th iteration) | 0.962 0.343 0.143
MV-D&S (1st iteration) 5.912 6.191 6.618
MV-D&S (10st iteration) | 0.962 0.343 0.143

Table 2: Squared error for estimating the confusion matrix. The table compares (1) spectral
method; (2) spectral initialization 4 one iteration of EM; (3) spectral initialization
+ 10 iterations of EM; (4) majority voting initialization + one iteration of EM;
and (5) majority voting initialization + 10 iterations of EM.

Dataset name | # classes | # items | # workers | # worker labels
Bird 2 108 39 4,212
RTE 2 800 164 8,000

TREC 2 19,033 762 88,385
Dog 4 807 52 7,354
Web 5 2,665 177 15,567

Table 3: The summary of datasets used in the real data experiment.

7.2 Real data

For real data experiments, we compare crowdsourcing algorithms on five datasets: three
binary tasks and two multi-class tasks. Binary tasks include labeling bird species (Welin-
der et al., 2010) (Bird dataset), recognizing textual entailment (Snow et al., 2008) (RTE
dataset) and assessing the quality of documents in TREC 2011 crowdsourcing track (Lease
and Kazai, 2011) (TREC dataset). Multi-class tasks include labeling the bread of dogs
from ImageNet (Deng et al., 2009) (Dog dataset) and judging the relevance of web search
results (Zhou et al., 2012) (Web dataset). The statistics for the five datasets are summa-
rized in Table 3. Since the Ghost-SVD algorithm and the EigenRatio algorithm work on
binary tasks, they are evaluated on the Bird, RTE and TREC dataset. For the MV-D&S
estimator and the Opt-D&S algorithm, we iterate their EM steps until convergence.

Since entries of the confusion matrix are positive, we find it helpful to incorporate this
prior knowledge into the initialization stage of the Opt-D&S algorithm. In particular, when
estimating the confusion matrix entries by equation (5), we add an extra checking step
before the normalization, examining if the matrix components are greater than or equal
to a small threshold A. For components that are smaller than A, they are reset to A.
The default choice of the thresholding parameter is A = 1076, Later, we will compare the
Opt-D&S algorithm with respect to different choices of A. It is important to note that this
modification doesn’t change our theoretical result, since the thresholding step doesn’t take
effect if the initialization error is bounded by Theorem 3.

Table 4 summarizes the performance of each method. The MV-D&S estimator and the
Opt-D&S algorithm consistently outperform the other methods in predicting the true label
of items. The KOS algorithm, the Ghost-SVD algorithm and the EigenRatio algorithm yield
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Opt-D&S | MV-D&S | Majority Voting | KOS | Ghosh-SVD | EigenRatio
Bird 10.09 11.11 24.07 11.11 27.78 27.78
RTE 7.12 7.12 10.31 39.75 49.13 9.00
TREC 29.80 30.02 34.86 51.96 42.99 43.96
Dog 16.89 16.66 19.58 31.72 - -
Web 15.86 15.74 26.93 42.93 - -

Table 4: Error rate (%) in predicting the true labels on real data.
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Figure 2: Comparing the MV-D&S estimator the Opt-D&S algorithm with different thresh-
olding parameter A. The predict error is plotted after the 1st EM update and
after convergence.

poorer performance, presumably due to the fact that they rely on idealized assumptions
that are not met by the real data. In Figure 2, we compare the Opt-D&S algorithm with
respect to different thresholding parameters A € {107°}% ;. We plot results for three
datasets (RET, Dog, Web), where the performance of the MV-D&S estimator is equal to or
slightly better than that of Opt-D&S. The plot shows that the performance of the Opt-D&S
algorithm is stable after convergence. But when only using the spectral method with just
one E-step for the label prediction (i.e., the red curve Opt-D&S: 1st iteration in Figure 2),
the error rates are more sensitive to the choice of A. A proper choice of A makes the Opt-
D&S algorithm perform better than MV-D&S. The result suggests that a proper spectral
initialization with just an E-step is good enough for the purposes of prediction. In practice,
the best choice of A can be obtained by cross validation.

8. Conclusions

Under the generative model proposed by Dawid and Skene (1979), we propose an optimal
algorithm for inferring true labels in the multi-class crowd labeling setting. Our approach
utilizes the method of moments to construct an initial estimator for the EM algorithm.
We proved that our method achieves the optimal rate with only one iteration of the EM
algorithm.

To the best of our knowledge, this work provides the first instance of provable conver-
gence for a latent variable model in which EM is initialized with the method of moments.
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One-step EM initialized by the method of moments not only leads to better estimation error
in terms of the dependence on the condition number of the second-order moment matrix but
it also computationally more attractive than the standard one-step estimator obtained via
a Newton-Raphson step. It is interesting to explore whether a properly initialized one-step
EM algorithm can achieve the optimal rate for other latent variable models such as latent
Dirichlet allocation or other mixed membership models.
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Appendix A. Proof of Theorem 3

If a # b, it is easy to verify that S, = CSW(CP)T = E[Z,; ® Zp;]. Furthermore, we can
upper bound the spectral norm of S,;, namely

1Sab]lop < sz sl plly < ZM lpscally Negally <

For the same reason, it can be shown that [|Tapcll,, < 1.

Our proof strategy is briefly described as follows: we upper bound the estimation error
for computing empirical moments (2a)-(2d) in Lemma 7, and upper bound the estimation
error for tensor decomposition in Lemma 8. Then, we combine both lemmas to upper bound
the error of formula (5).

Lemma 7 Given a permutation (a,b,c) of (1,2,3), for any scalar ¢ < or,/2, the second
and the third moments Ms and Ms computed by equation (2¢) and (2d) are bounded as

max{ | My = Malloy, [ M3 — Ms|., } < 31e/0} (17)
with probability at least 1 — §, where § = 6 exp(—(yv/ne — 1)%) + kexp(—(y/n/ke — 1)2).

Lemma 8 Suppose that (a,b,c) is permutation of (1,2,3). For any scalar € < k/2, if the
empirical moments Mo and Ms satisfy

max{|| My — Ma||op, [| M3 — Ms]|,,} < eH (18)
3/2 3/2
2
for H :=min 1 U_l 7 oL
27 15k(2407" +2v2) 4,/37201% + 8k(24/01, + 2V/2)

then the estimates ég and W are bounded as
162 = Cellop < Vhe  and W =W, <
with probability at least 1 — &, where § is defined in Lemma 7.
Combining Lemma 7, Lemma 8, if we choose a scalar €1 satisfying
€1 < min{K/2, TpinWminor./(36k)}, (19)
then the estimates ég (for g =1,2,3) and W satisfy
ICs = Cillop < Vher  and [ = W], < e1. (20)

with probability at least 1 — 64, where

§ = (6 + k) exp ( — (/n/ketHod /31 — 1)2).
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To be more precise, we obtain the bound (20) by plugging € := ¢;Ho? /31 into Lemma 7,
then plugging € := ¢; into Lemma 8. The high probability statement is obtained by apply-
ing a union bound.

Assuming inequality (20), for any a € {1,2,3}, since ||CJ],, < \/E,||ég—cg|\op <
Vke, and Wi, <1, W—WH < €1, Lemma 18 (the preconditions are satisfied by
op
inequality (19)) implies that

HW@;; —weell < avke,

op

Since condition (19) implies
IWCS = WC||., < Wker < Jwmmor/2 < o(WCS) /2

Lemma 17 yields that

1

H (Wes) ™ — ey Bv/key

< .
wminaL

op
By Lemma 19, for any i € [m], the concentration bound
1 n

- > 225 — Bz Z5]| < e

Jj=1 op

holds with probability at least 1 —m exp(—(y/ne; —1)?). Combining the above two inequal-
ities with Proposition 2, then applying Lemma 18 with preconditions

1
op WiinO L

|wes)™

and HIE [zing;»] Hop <1,

we have

18vk
< vk (21)
op wminaL

|(E5mm) (7 e
j=1

4

Let G € RF*F be the first term on the left hand side of inequality (21). Each column of G,
18\/%61

denoted by @l, is an estimate of m;u;;. The o-norm estimation error is bounded by TR

Hence, we have
~ ~ ~ 18keq
1Gy — mipally < VE|Gr — mipallz < VE|G = mCillop < , (22)

wminO-L
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and consequently, using the fact that 21221 i = 1, we have

Gy
9 = A = — Ml
T+ Zczl (Glc - Wi#z‘lc> )
< |Gy — mipall2 + |Gy — w1 |2

T — ||Gl - Wiﬂil”l
72]€61

Hnormalize(él) — il

23
o T minWminO L ( )
where the last step combines inequalities (21), (22) with the bound % < m;/2 from
condition (19), and uses the fact that ||p;||2 < 1.
Note that inequality (23) holds with probability at least
1 — (36 + 6k) exp ( — (v/n/keyHo?3 /31 — 1)2> — mexp(—(yv/ne; —1)%).
o/2
It can be verified that H > 5. Thus, the above expression is lower bounded by
\/561011/2 )
1— (36 + 6k <—<—L_1)>7
(386 + 6k +m)exp (= (575550 72
If we represent this probability in the form of 1 — J, then
31 x 230 - k%/2
o=l (1 + /1og((36 + 6k + m) /5)) . (24)

11/2
Vnoy

Combining condition (19) and inequality (23), we find that to make ||5 — (| bounded by
€, it is sufficient to choose € such that

. EMminWmin0L K TminWnin0L
€1 < min

2k 2 36k
This condition can be further simplified to

€M minWminO L

<
- 72k (25)

€1

for small €, that is € < min {%, 2}. According to equation (24), the condition (25)
minWmin9 L
will be satisfied if

72 x 31 x 230 - k5/2
NP Ratiiata o (1+\/10g((36+6k+m)/5)).

67Tminu}mino-L

Squaring both sides of the inequality completes the proof.
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A.1 Proof of Lemma 7

Throughout the proof, we assume that the following concentration bound holds: for any
distinct indices (a/,’) € {1,2,3}, we have

1
E Z Zzz’j X Zb’j — E[Za’j &® Zb’j] <e. (26)
— op

By Lemma 19 and the union bound, this event happens with probability at least 1 —
6 exp(—(yv/ne — 1)?). By the assumption that ¢ < 07,/2 < 04(Sq)/2 and Lemma 17, we
have

1 n
- > Zej @ Zy; — ElZej © Zyjl|| < e and

Jj=1 op
. -1
1 -1 2¢
—E Zaj @ Lyj — (E|Z4i ® Zy; < ———
n J:1 aj ] ( [ aj ]]) Uz(Sab)
op
Under the preconditions
1

ElZ.: @ Zo. <1 d E[Za; ® Zp;)) Y| <
H [ Y b]]”op— an H( [ aj @ b]]) OP_O'k(Sab)’

Lemma 18 implies that

—1
1 n
Z Zej @ Zj | | 70 @ Zoj | = ElZej @ Z4j)(ElZay @ Zg))
=1

op

2 > < 6e/o2 (27)

o <Uk(sab) T U]?(Sab)

and for the same reason, we have

-1
1 o 1 o _
- > Zej @ Zaj - Y 2@ Zaj | —E[Zej ® Zoj)(B[Z; @ Zog)) || < 6e/0f

]:1 J:l op

(28)
Now, let matrices F» and F3 be defined as
Fy = E[Ze; ® Z;)(E[Zaj ® Zyj)) ™",
F3 := E[Z; ® Z4j)(ElZy; ® Zaj) ™",

and let the matrix on the left hand side of inequalities (27) and (28) be denoted by Ay and
A3, we have

Ziy @ Zy; — Py (Zaj ® Zyj) FY .

< 1Zaj ® Zugl,, (18211, 155 + Do, + [ P2, 1A],,) < 30€ (| Zaj ® Zygll,, /o7

23

= H (Fz + Az) (Zaj ® Zyj) <F3 + A3>T ~ F3(Za; @ Zyj) F§

op
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where the last steps uses inequality (27), (28) and the fact that max{|| Fs||
and

1E5]l,,} < /oL

op ?

1F5 + Dall,, < 1F5]lop + [1A2[lo, < /07 + 6e/oF < 4/or.

op —

To upper bound the norm [|Z,; ® Zy;||, . notice that

1Zaj @ Zvjll,, < [1Zajlls 1265115 < N1 Zajlly [ 2051l < 1.

op —

For the rest of the proof, we use inequality (29) to bound ]\72 and ]\73. For the second
moment, we have

1 n
ofn;\

Consequently, we have

Z}; @ Zh — Py (Zaj ® Zyj) FY

o

< 30¢/03. (29)
P

1 — T
R ~ D Zaj ® Zoj | By — Mo

|22 - 32
j=1

Zi® Zh — Fa (Zaj ® Zyj) Fy

(o)

op
1 n
< 306/0% + || F2 - Z Zaj @ Zpj — E[Zaj @ Ziyj F?)T
i=1

< 30¢/03 +¢/o? < 3le/os.

op

For the third moment, we have

_ 1 </ n N
Mz — M3 = ;Z (chlj ® Zy; — 2 (Zo; ® ij)FsT) ® Zej
=1

1 n
+1 - > Py (Zaj @ Zy) FY @ Zej — B [Fy (Zaj @ Zj) FY @ Zeg] | - (30)
j=1

We examine the right hand side of equation (30). The first term is bounded as

H (Z/u ® Z’U — F2 (Zaj ® Zi;) F;;‘F) ® Zej

g

Ziy © By~ Fa (20 © Zo) FY |12l

op

< 30¢/073. (31)

For the second term, since ||FyZ4jll2 < 1/0r, ||[F3Zy;l2 < 1/0r and || Zg;)2 < 1, Lemma 19
implies that

1 n
~ P2 (Zaj © Zyj) Fy @ Zej — B [Fy (Zaj @ Zo) F © Zgj]|| < efof  (32)
Jj=1 op
with probability at least 1 — kexp(—(y/n/ke — 1)?). Combining inequalities (31) and (32),
we have

H]\/Z?,—M:a

< 30¢/03 +¢/a? < 3le/as.
op

Applying a union bound to all high-probability events completes the proof.
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A.2 Proof of Lemma 8

Chaganty and Liang (2013) (Lemma 4) prove that when condition (18) holds, the tensor
decomposition method of Algorithm 1 outputs {fi5, @ }¥_,, such that with probability at
least 1 — §, a permutation 7 satisfies

175 — el <€ and  ||@) — weg || < e

Note that the constant H in Lemma 8 is obtained by plugging upper bounds || Ms||,, < 1
and ||M3z]|,, < 1 into Lemma 4 of Chaganty and Liang (2013).

The 7 (h)-th component of ,u;r( h) is greater than other components of uiﬂ(h), by a margin
of k. Assuming € < x/2, the greatest component of 1ij is its m(h)-th component. Thus,
Algorithm 1 is able to correctly estimate the m(h)-th column of 6;; by the vector .
Consequently, /f\or every column of ég , the fo-norm error is bounded by e. Thus, the spectral-
norm error of C? is bounded by V'ke. Since W is a diagonal matrix and H@h — Wr(n) HOO <,

we have |[W — W|., < e.

Appendix B. Proof of Theorem 4
We define three random events that will be shown holding with high probability:

] =

&1 I(zij = ec) log(iy;e/ pite) > mD /2 for all j € [n] and [ € [k]\{y;}.
i=1 c=1
Ey: ‘ Zﬂ(yj = DI(zij = ec) — nwymiptize| < ntie for all (i,1,c) € [m] x [k]?.
j=1
- Lite .
Es: ‘ Zﬂ(yj = D)I(zi; # 0) — nwym; | < ntil for all (i,1,c) € [m] x [k]%. (33)
ilc

<.
Il
—

where t;. > 0 are scalars to be specified later. We define t,,;, to be the smallest element
among {t;.}. Assuming that & N & holds, the following lemma shows that performing
updates (7) and (8) attains the desired level of accuracy. See Section B.1 for the proof.

Lemma 9 Assume that & NE; holds. Also assume that pi. > p for all (i,1,c) € [m] x [k]%.

If C is initialized such that inequality (10) holds, and scalars t;;. satisfy

— D
2 exp ( —mD/4 + log(k:)) < tite < T pin Winin MIN {g, p64} . (34)

Then by alternating updates (7) and (8) for at least one round, the estimates C and q are
bounded as

|fite — tite] < 4tie/ (mowy). for alli € [m], | € [k], c € [K].

Ilrelf[f]({’a\]l —I(y; = )|} < exp (—mD/4 + log(k)) for all j € [n].
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Next, we characterize the probability that events £1, &2 and &3 hold. For measuring P[],
we define auxiliary variable s; := 25:1 [(2i; = ec)log(piy,c/tite)- It is straightforward to
see that s1,s2,..., s, are mutually independent on any value of y;, and each s; belongs to
the interval [0,log(1/p)]. it is easy to verify that

m
Z Si z] Z ™ DKL ,uzy] ) Nzl)

=1 =1

E

We denote the right hand side of the above equation by D. The following lemma shows
that the second moment of s; is bounded by the KL-divergence between labels.

Lemma 10 Conditioning on any value of y;, we have

2log(1/p)
E[s7ly;] < 4,

According to Lemma 10, the aggregated second moment of s; is bounded by

m
2log(1 2log(1
E [§ 312 yz] < i;p E mDKL (/Lzyjcmuzlc) = 1g£p/p)D
=1

miDxr (Hiy; s pit) -

Thus, applying the Bernstein inequality, we have

. . 1(D/2)?
P[;lzD/%yl]zl P\~ B 1o gi 0/

Since p < 1/2 and D > mD, combining the above inequality with the union bound, we
have

P& > 1 — knexp <_331:;§Z()1/,0)> . (35)

For measuring P[&5], we observe that > ", I(y; = 1)I(zi; = e.) is the sum of n i.i.d. Bernoulli
random variables with mean p := mwp;.. Since tie < TpmWminp/8 < p, applying the Cher-
noff bound implies

n 2
t
’ E I(y; = D)1(zij = ec) — np| > nty.| < 2exp(—nt3,/(3p)) = 2exp (—n ihe ) :
= Swzwlﬂzlc

For measuring P[€3], note that 3 7 I(y; = 1)I(2;; # ec) is the sum of n i.i.d. Bernoulli

random variables with mean ¢ := mw;. Since % < %@WS < g, using a Chernoff
bound yields i
nt2 nt2
’Zﬂy]—l (25 # 0) —WI‘ Fite §2eXp(—7”C)<2ex < zlc>’
ilc 37Tzwl/%lc

Summarizing the probability bounds on &1, & and &3, we conclude that & N & N &3
holds with probability at least

=Y m
1 — knexp Z g 4 exp nt?lc . (36)
33 lOg 1/p 11— 37Tzwl/%lc
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Proof of Part (a) According to Lemma 9, for §; = y; being true, it sufficient to have
exp(—mD /4 +log(k)) < 1/2, or equivalently

m > 4log(2k)/D. (37)

To ensure that this bound holds with probability at least 1 — J, expression (36) needs to be
lower bounded by §. It is achieved if we have

m> 33log(1/p)log(2kn/0) and n> 3wy pire log(8mk /§)

D 2

ilc

(38)

If we choose

3m; i1c1og(8mk /6

tie :_\/ Wil Og( m / ) (39)
n

then the second part of condition (38) is guaranteed. To ensure that ¢;. satisfies condi-

tion (34). We need to have

7 icl k D
\/371' wy i log(8mk /0) > 2exp(—mD/4+10g(k)> and

n

\/37riwmilc log(8mk/d)
n

S ﬂ-minwmina/4'

The above two conditions require that m and n satisfy

- 4log(2k \/n/(SWminwminp log(8mk/d)))
m o
o D

(40)

"> 481og(8mk/6)

(41)

7Tmin/u)mina2

The four conditions (37), (38), (40) and (41) are simultaneously satisfied if we have

m> 33 log(l/p)iog(an/é)
D
n> 48 10g(8mk/5).

7Tmin’u}minOé2

and

Under this setup, y; = y; holds for all j € [n] with probability at least 1 — 4.

Proof of Part (b) Ift;, is set by equation (39), combining Lemma 9 with this assignment,
we have

~ 48141 log(8mk /6
(Fite — pate)® < Hite 1og(8mk:/9)

T WM

with probability at least 1 — §. Summing both sides of the inequality over ¢ = 1,2,... k
completes the proof.
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B.1 Proof of Lemma 9

To prove Lemma 9, we study the consequences of update (7) and update (8). We prove
two important lemmas, which show that both updates provide good estimates if they are
properly initialized.

Lemma 11 Assume that event £ holds. If i and its estimate i satisfy
Kile > Y and |:ailc - :uilc| < 51 fOT all i € [m]7 le [k]: cE [k;]a (42)

and q is updated by formula (7), then q is bounded as:

w31~ Ky =D} < exp (- (5 - 25 ) 1) pranjel (@

Proof
For an arbitrary index [ # y;, we consider the quantity

Al = Z ZH Zij = €c log(ﬂzyjc/ﬂzlc)

i=1 c=1

By the assumption that £ and inequality (42) holds, we obtain that

m k o~
T )
E E ]I sz = €c IOg ;U«zyjc/,uzlc + E E ]I ZU - eC |:10g< = ) — log (Zlic)]
ilc

i=1 c=1 i=1 c=1 yjc
m _
DKL (Kiy; » pit) p D 281
> i —2ml (7> >m (=2 - . 44
_<; 5 mlog P >m SR (44)

Thus, for every index [ # y;, combining formula (7) and inequality (44) implies that

g < 1 <e m D 201
j xp | — - — .
= exp(ay) = 2 p—0

Consequently, we have

N N D 25
Qjy, Zl—ZqﬂZl—kexp (—m<2—p_5l>>.

l#y;

Combining the above two inequalities completes the proof. |

Lemma 12 Assume that event £ holds. If § satisfies

rln%({]q]l —I(y; =1)|} < & for all j € [n], (45)

and [ is updated by formula (8), then [ is bounded as:

27’Ltilc + 2’!?,52
7/8)nmiw; — nde

|Lite — ite] < ( for alli € [m], L € [k], c € K] (46)
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Proof By formula (8), we can write fi;;. = A/B, where
n k n n
A = Zaﬂﬂ(zzj = ec) and B := Z ZqulH(zij = ec/) = ZqulH(zij 75 0).
Jj=1 =1 j=1 j=1

Combining this definition with the assumption that event & and inequality (45) hold, we
find that

n n n
|A — nmiwipie] < ‘ > Wi = yi)(zi; = ec) — nrwipie| + ‘ S Gl =ec) = > Mgu = y;)(zi; = )
j=1 j=1 j=1

< ntjie + nda.

Similarly, using the assumption that event £ and inequality (45) hold, we have
n n n
|B — nmiw| < ‘ > Mgt = y)l(zij #0) — miw‘ + ‘ D Gill(zig £ 0) = > gj = y)(z; #0)
j=1 j=1 j=1

t:
< [l + nds.

Hile
Combining the bound for A and B, we obtain that

nwi e + (A — nmwpie)
nm;w; + (B — nmwl)
2nt;e + 2nds
= nmpw; — n(tie/ pie) — o2

‘ﬁilc - ,Uilc| =

ile| —

| (A = nmpwpie) — pae(B — nwuy)
nmw;w; + (B - nmwl)

Condition (34) implies
t’ii S % S 7Tminu)minp _ T min Wmin ’
Pile — P 8p 8

lower bounding the denominator. Plugging in this bound completes the proof. |

To proceed with the proof, we assign specific values to d; and d5. Let

01 := min {g qjg} and 02 1=ty /2. (47)
We claim that at any step in the update, the preconditions (42) and (45) always hold.

We prove the claim by induction. Before the iteration begins, i is initialized such
that the accuracy bound (10) holds. Thus, condition (42) is satisfied at the beginning. We
assume by induction that condition (42) is satisfied at time 1,2,...,7—1 and condition (45)
is satisfied at time 2,3,...,7 — 1. At time 7, either update (7) or update (8) is performed.
If update (7) is performed, then by the inductive hypothesis, condition (42) holds before
the update. Thus, Lemma 11 implies that

i~ X = D1} < exp (- (5 — 220 ) 10w

le[k]
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The assignment (47) implies g — p2_5(§1 > g, which yields that

mace{|dj — Ly = D)} < exp(-mD/4 + 10g(k)) < tunn/2 = b2

where the last inequality follows from condition (34). It suggests that condition (45) holds
after the update.

On the other hand, we assume that update (8) is performed at time 7. Since update (8)
follows update (7), we have 7 > 2. By the inductive hypothesis, condition (45) holds before
the update, so Lemma 12 implies

2ntilc + 27—"52 _ 2ntilc + ntmin 3nt7;lc
(7/8)nmw; — ndy — (7/8)nmiwy — Nt /2 ~ (7/8)nmjwy — ity /2

’ﬁilc - uilc\ =

where the last step follows since ¢, < t;.. Noticing p < 1, condition (34) implies that ¢,,;, <
TminWmin /8. Thus, the right hand side of the above inequality is bounded by 4t;./(m;wy).
Using condition (34) again, we find

Atic < Atie < mln{p pD} — (517

— a) 1.
7T7,wl T rmin Winin 2 ]-6

which verifies that condition (42) holds after the update. This completes the induction.

Since preconditions (42) and (45) hold for any time 7 > 2, Lemma 11 and Lemma 12
implies that the concentration bounds (43) and (46) always hold. These two concentration
bounds establish the lemma’s conclusion.

B.2 Proof of Lemma 10
By the definition of s;, we have

k k

E[S?] =TT Z Miyjc(log(uiyjc/ﬂilc))2 =TT Z Niyjc(log(ﬂilc/ﬂiyjc))z
c=1 c=1

We claim that for any x > p and p < 1, the following inequality holds:

2o8(1/p)

T, 1 —log(x)). (48)

log®(x) <
We defer the proof of inequality (48), focusing on its consequence. Let = := pjc/fiy;c, then
inequality (48) yields that

210g (1/p) 2log(1/p
E[Sg] < / (Z Hile — Miyj;e NiijIOg(Milc/Miyjc)) = lfp/)mDKL (Mz‘y]-7ﬂil) .

It remains to prove the claim (48). Let f(x) := log?(x) — migf(lp/p)(ﬂ? —1—log(x)). It
suffices to show that f(z) <0 for z > p. First, we have f(1) =0 and

2(log(z) — 180/0) (7 1
oy = 2oe@) = 7@ D)

X
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For any =z > 1, we have

log(1/p)
ﬁ(fﬂ -1)

where the last inequality holds since log(1/p) > 1 — p. Hence, we have f'(z) < 0 and
consequently f(z) <0 for z > 1.
For any p < z < 1, notice that log(x) —

log(z) <x—1<

%(m — 1) is a concave function of z, and

equals zero at two points z = 1 and « = p. Thus, f/(z) > 0 at any point x € [p, 1), which
implies f(z) <0

Appendix C. Proof of Theorem 5

In this section we prove Theorem 5. The proof separates into two parts.

C.1 Proof of Part (a)

Throughout the proof, probabilities are implicitly conditioning on {m;} and {u;.}. We
assume that (I,1") are the pair of labels such that

1
— Z H])KL Hzlv ,U'zl’)
m :

Let Q be a uniform distribution over the set {l,1’'}". For any predictor y, we have

v@ﬁﬁE[éﬂw # Yj) ’y—v} =Y Q(v)E[iH(%#yﬂ’y:v}

ve{l ryn j=1
-y Y ewE[G nly=d] @)
Jj=lve{l,l'}n

Thus, it is sufficient to lower bound the right hand side of inequality (49).

For the rest of the proof, we lower bound the quantity >_, ¢ ;- Q(v) E[I(y; # y;)ly] for
every item j. Let Z := {z;; : i € [m], j € [n]} be the set of all observations. We define two
probability measures Py and Py, such that Py is the measure of Z conditioning on y; = [,
while Py is the measure of Z conditioning on y; = I'. By applying Le Cam’s method (Yu,
1997) and Pinsker’s inequality, we have

> Q) E[IG; # )|y = o] = Qly; = DB # 1) +Qy = (5 # 1)

ve{l,l'}n
1 1
S _Z|Py—P
= 2“ 0o — Pillrv
1 1
> 571 Dk, (Po, Py). (50)

The remaining arguments upper bound the KL-divergence between Py and P;. Conditioning
on yj, the set of random variables Z; := {z;; : i € [m]} are independent of Z\Z; for both
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Py and P;. Letting the distribution of X with respect to probability measure P be denoted
by P(X), we have

Dkr, (Po, P1) = Dkr (Po(Z;), P1(Z;)) + Dkr (Po(2\Z;),P1(Z2\Z;)) = Dk (Po(Z;5), P1(Z;)) ,
(51)

where the last step follows since Pg(Z\Z;) = P1(Z\Z;). Next, we observe that z1;, 295, . .., Zm;
are mutually independent given y;, which implies

DKL (]Po(Z) Pl ZDKL PO(Z’L]) Pl(zm))
=1
=> (1—7ri)log<1 Z) +E7Ti,uilc10g< - llc)
=1 - T — T il ¢
m JR—
= ZZW DKL ,U'zlchJZI’ ) =mD. <52)

1c=1

-
Il

Combining inequality (50) with equations (51) and (52), we have

> Q [yﬁéyg ‘y—v}zé—i mD.

ve{l,l'}n

Thus, if m < 1/(4D), then the above inequality is lower bounded by 3/8. Plugging this
lower bound into inequality (49) completes the proof.

C.2 Proof of Part (b)

Throughout the proof, probabilities are implicitly conditioning on {7;} and {w;}. We define
two vectors

T

11 1 1 1
. k ) k
ug = (2,2,0,...,0> eR and uy = <2—|—5,2—(5,0,...,0> e R",

where 0 < 1/4 is a scalar to be specified. Consider a m-by-k random matrix V' whose entries
are uniformly sampled from {0,1}. We define a random tensor uy € Rmxkxk suchi that
(uy)i == uy, for all (i,1) € [m] x [k]. Givan an estimator /i and a pair of indices (i,1), we
have

sup |l —malld] = Y Ply=v) (ZP(V)E[”ﬁu—MuH%’M:UV,y:U])-
%4

MER""Xka ve[k]n

(53)

For the rest of the proof, we lower bound the term >, P(V)) E[||fiz; — pzll3|n = uv,y =
v] for every v € [k|™. Let V be an estimator defined as

7 0 i [ —uolle < [l — w2
1 otherwise.
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If 4 = uy, then V # V; o= |l — walle > ?5. Consequently, we have

52
Z]P) ||IU’1Z lu’le |[,L—"U,V,y—'l)} > 5 [V#‘/zl’y_v] (54)

Let Z := {z;; : i € [m], j € [n]} be the set of all observations. We define two probability
measures Py and Py, such that Py is the measure of Z conditioning on y = v and ;7 = uo,
and PPy is the measure of Z conditioning on y = v and p;; = w;. For any other pair of
indices (i,1) # (i,1), pa = uy, for both Py and P;. By this definition, the distribution of
Z conditioning on y = v and pu = uy is a mixture of distributions Q := %IP)O + %Pl. By
applying Le Cam’s method (Yu, 1997) and Pinsker’s inequality, we have

1 1
PV #V; ily = vl 2 5 = 5lIPo — PaflTv
1
> 3 Dx1, (Po, P1). (55)
Conditioning on y = v, the set of random variables Z; := {z; : j € [n]} are mutually

independent for both Py and P;. Letting the distribution of X with respect to probability
measure P be denoted by P(X), we have

Dk, (Po, P1) ZDKL Po(Zi), P1(Zi)) = Dkr (Po(Z;), P1(Z)) , (56)

where the last step follows since Po(Z;) = Py (Z;) for all i # i. Next, we let J := {j : v; =}
and define a set of random variables Z;; := {z;; : j € J}. It is straightforward to see that
Z;y is independent of Z;\ Z;; for both Py and P;. Hence, we have

Dxr (Po(%7),P1(%5)) = Dkr (Po(Z5,), P1 (%)) + Dxr (Po(Z:\Z75), P1(Z43\Z3))
= Dxr (Po(Z3y), P1(Z3)) » (57)
where the last step follows since Py(Z;\Z;;) = P1(Z;\Z;;). Finally, since p;7 is explicitly

given in both Py and P, the random variables contained in Z;; are mutually independent.
Consequently, we have

1 1
Pt (o) (7)) = 3 P (P Pte) = 1 m 1o ()
) 2
< i\J\ ;0. (58)
Here, we have used the fact that log(1/(1 — 42?2)) < 522 holds for any = € [0, 1/4].

Combining the lower bound (55) with upper bounds (56), (57) and (58), we find

~ 3_(5 1
IPVi?éVi — >_J( = 02 < 2 ).
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Plugging the above lower bound into inequalities (53) and (54) implies that

2

36 1
E[ } N < .
Heﬂsglgkxk 7 — pazllz | > 16 [HJ y =1} < 10”2}

Note than |{j : y; = [}| ~ Binomial(n, w;). Thus, if we set

62 := min L ;
16’ 107; FWMN

then 1= is greater than or equal to the median of |{j : y; = [}|, and consequently,

105

sup B[ — ] = ming 2o
u min{ —, ———
HeRmEchk Har = Hit 512 320mwin |’

which establishes the theorem.

Appendix D. Proof of Theorem 6

Our proof strategy is briefly described as follow: We first upper bound the error of Step
(1)-(2) in Algorithm 2. This upper bound is presented as lemma 13. Then, we analyze the
performance of Step (3), taking the guarantee obtained from the previous two steps.

Lemma 13 Assume that k3 > 0. Let p; be initialized by Step (1)-(2). For any scalar
0<t< ’€18 , the upper bound

18t
5 — |} < = 59
g%{lpz pil} < 2 (59)

holds with probability at least 1 — m? exp(—nt?/2).

The rest of the proof upper bounds the error of Step (3). The proof follows very similar
steps as in the proof of Theorem 4. We first define two events that will be shown holding
with high probability.

k
Z]I (zij = ec)10g(piy;c/ pire) = mD /2 for all j € [n] and [ € [k]\{y;}.
c=1

Ms

7

oy

< nt; for all ¢ € [m].

& ‘ [(2i; = ey;) — np;
1

<.
Il

Lemma 14 Assume that & N E2 holds. Also assume that p < p; < 1—p for alli € [m]. If
D 1s initialized such that

R D
i — pi| <a:= min{;,g,pm} for all i € [m] (60)
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and scalars t; satisfy

exp ( —mD /4 + log(k)> < t; < min {Z /;];;} (61)

Then the estimates p and q obtained by alternating updates (14) and (15) satisfy:

i — pil < 2t;. for all i € [m].

rlnf[f]({’q]l —I(y; = )|} < exp (—mD/4 + log(k)) for all j € [n].

As in the proof of Theorem 4, we can lower bound the probability of the event £ NEy by
applying Bernstein’s inequality and the Chernoff bound. In particular, the following bound
holds:

> .
P& N&E] > 1 —knexp < 33 log 1/p > ZZ:Zexp< 3p2) (62)

The proof of inequality (62) precisely follows the proof of Theorem 4.

Proof of upper bounds (a) and (b) in Theorem 6 To apply Lemma 14, we need to
ensure that condition (60) holds. If we assign ¢ := ax3/18 in Lemma 13, then condition (60)
holds with probability at least 1 — m? exp(—na?x$/648). To ensure that this event holds
with probability at least 1 — §/3, we need to have

_ 648 log(3m?/6)

63
< 21 (63)

By Lemma 14, for y; = y; being true, it suffices to have
m > 4log(2k)/D (64)

To ensure that £ N &; holds with probability at least 1 — 20/3, expression (62) needs to be
lower bounded by 1 — 24/3. It is achieved by

> 3310g(1/p)710g(3kn/5) and 0> 3pi logt(26m/5)

(2

(65)

If we choose

3log(6m/d)

t; = (66)

then the second part of condition (65) is guaranteed. To ensure that ¢;. satisfies condi-
tion (61). We need to have

3log(6m/d)
3log(6m/9)

> exp ( —mD/4 + 10g(l<:)> and

< /2.
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The above two conditions requires that m and n satisfy

 Alog(ky/n/Blog{6m/2))
- D
s 12los6m/a)

The five conditions (63), (64), (65), (67) and (68) are simultaneously satisfied if we have

"> 33 log(l/p)iog(3kn/5)
- D
2
. 648 log(3m /5)

2,.6
a“Rg

(67)

(68)

and

Under this setup, y; = y; holds for all j € [n] with probability at least 1 — §. Combining
equation (66) with Lemma 14, the bound
N 3log(6m/é
pi —pil <2 31og(6m/0)
n
holds with probability at least 1 — 9.

D.1 Proof of Lemma 13
We claim that after initializing p via formula (13), it satisfies

. N ~ 18t
win {5 — pl} (I — 2/ - p) 1} < 2 (69)
i€[m] i€[m] K3
with probability at least 1—m?2 exp(—nt?/2). Assuming inequality (69), it is straightforward
to see that this bound is preserved by the algorithm’s step (2). In addition, step (2) ensures
that = > 7; > &, which implies

1 & 2 1 &
hi— 2/k—p)l} == Bi— |7 — = pi
g[%{lp (2/ p)l}_miZIP (k mﬂp)
1 1 18t
>——(-—&)=r> —.
>z </<: R) H>K§ (70)

Combining inequalities (69) and (70) establishes the lemma.

We turn to prove claim (69). For any worker a and worker b, it is obvious that I(z,; =
2zpj) are independent random variables for j = 1,2,...,n. Since

1 —pa 1_pb_ k
E—1 k—1 k-1

(Pa — 1/K)(py — 1/K) +

E[l(z45 = 255)] = papp + (kK — 1) k

and k—;l(]l(zaj = ;) — %) belongs to the interval [—1, 1], applying Hoeffding’s inequality
implies that

P(|Nap — (pa — 1/k)(pp — 1/)| < t) > 1 — exp(—nt?/2) for any ¢ > 0.
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By applying the union bound, the inequality

|Nab_ (pa_l/k)(pb_l/kﬂ <t (71)

holds for all (a,b) € [m]? with probability at least 1 — m? exp(—nt?/2). For the rest of the
proof, we assume that this high-probability event holds.

Given an arbitrary index i, we take indices (a;, b;) such that
(a;, ;) = argr(na}gf{lNabl ra#b# i} (72)
a7

We consider another two indices (a*,b*) such that |p,~ — 1/k| and |pp« — 1/k| are the two
greatest elements in {|p, — 1/k| : a € [m]\{i}}. Let f3; := p; — 1/k be a shorthand notation,
then inequality (71) and equation (72) yields that

BB | = [Nagyi| =t > [Nasoe| =t > |Bas Bye| = 2t > |Bar Bl /2, (73)
where the last step follows since 2t < /@3 2/2 < |Ba*Bp|/2. Note that |8y,| < |Bar| (since
), inequality (73) implies that |B,,| > |’Bb‘*ﬁfa x| >

@ > k3/2. By the same argument, we obtain |5,| > |Bp+|/2 > k3/2. To upper bound the
estimation error, we write |Njq,|, |Nip,|, | Na;p,| in the form of

|Niv;| = |B8iBp;| + 02
‘Naibi| = |Baiﬁbi‘ + 537

where |d1], |02], 03] < t. Firstly, notice that Niq,, Nip, € [—1, 1], thus,
|Nzalsz | ’Nzalsz |
|Nab, | |Ba: Bo |

where the last step relies on the inequality |B4,8,| —t > K%/4 obtained by inequality (73).

Secondly, we upper bound the difference between +/|Niq, Nip, | and /|82 84,8 |. If |8i] < t,
using the fact that |8, ], |Bs,| < 1, we have

‘\/|Nzalsz | - \/’/62ﬁazﬁb \/’Nzazsz ’ + \/|52ﬁa15b ‘ <V 412 + \/> < 3t.
If | B;| > t, using the fact that |B,,],|8y| € [k3/2,1] and |Ba, By, | > K3/2, we have

‘\/‘NiaiNibi‘ B \/|6i250«i | < |8iBp; 01| + |BiBa; 52| + |6102]

\/ 187 Ba: B |

1
\/’Na b; | \/’/Balﬁb

t t
2(1Bai Be; | — t)3/2 ~ (k3/4)3%
(74)

< _ o n |02 0102
N \/|Baz/6b7,| \/|/3bz/ﬁaz| 3 V |6ai/8bi‘
< 3v2t/ks3.
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Combining the above two upper bounds implies

Moo 1875t | _ |Vl = /182600 75)
|ﬁa15b |/B(li5bi| Y, ‘/Baiﬁbi|
Combining inequalities (74) and (75), we obtain
| Nia, Nib, | 14t
’L . < I
‘ o1 < g (76)

Finally, we turn to analyzing the sign of N;,,. According to inequality (71), we have

za1 ﬁzﬁm + 54a

where |d4] < t. Following the same argument for 3,, and f,, it was shown that |3, | > k3/2.
We combine inequality (76) with a case study of sign(N;,,) to complete the proof. Let

~ 1 . |Nia'Nib-|
= = N; —_
pi= + sign(Nia, )4 / N

It sign(Nia,) # sign(Bif,), then [8iBa,| < [8a] < . Thus, B < ¢/|8u] < 2t/s, and
consequently,

max{(5i il | — (2/k ~ po)l} < ’be’ A
N'La Nl 18t
' o, Niv | b' pi — Lk||+2lpi — 1/k| < —  (77)
3

Otherwise, we have sign(N;q, ) = sign(f;/,, ) and consequently sign(/3;) = sign(N;q, )sign(Baq, ).
If sign(B,, ) = 1, then sign(8;) = sign(NViq, ), which yields that

_ . Nia,Nip,| 14¢
s — pil = [sign(Niay)y [ ] _ o g180)| < 2. (78)
‘Naibi’ K3
If sign(B,, ) = —1, then sign(8;) = —sign(NV;q, ), which yields that
_ . Nia; Nits| . 14¢
7= (2/k = o) = [sign(Vio )y | T sign (8151 < T (79)
a;b; 3

Combining inequalities (77), (78) and (79), we find that
. ~ ~ 18t
win {5 — iy a5 — 20— )} } < 1
i€[m] i€[m] K3
which establishes claim (69).
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D.2 Proof of Lemma 14

The proof follows the argument in the proof of Lemma 9. We present two lemmas upper
bounding the error of update (14) and update (15), assuming proper initialization.

Lemma 15 Assume that event £ holds. If p and its estimate D satisfies
p<pi<l—p and |pi—pi| < for all i € [m], (80)

and q is updated by formula (14), then q is bounded as:

D 2
w1~ 1y =D < exp (-m (5 - 2 ) +1op)  pranjef s

Proof Following the proof of Lemma 11, the lemma is established since both |log(p;/p;)|
and |log((1 —pi)/(1 — p;))| are bounded by log(p/(p — d1))- [ ]

Lemma 16 Assume that event Es holds. If q satisfies

max|di — Iy =Dl <02 for all j € [n), (82)

and p is updated by formula (15), then p is bounded as:
Di — pi| < ti + 2. for all i € [m]. (83)
Proof By formula (15), we have

. 1
pi—pi= Zlﬂ(zij = ey,) + 1 ; g — Uy; = 1)I(2ij = er).
J= j: =

S\H

Combining inequality (82) with the inequality implied by event £ completes the proof. W

Following the steps in the proof of Lemma 9, we assign specific values to d; and ds. Let

o —mln{g pll;} and 09 ::zyél[%{ti}.

By the same inductive argument for proving Lemma 9, we can show that the upper
bounds (81) and (83) always hold after the first iteration. Plugging the assignments of
91 and 2 into upper bounds (81) and (83) completes the proof.
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Appendix E. Basic Lemmas

In this section, we prove some standard lemmas that we use for proving technical results.

Lemma 17 (Matrix Inversion) Let A, E € R¥¥k be given, where A is invertible and E
satisfies that || E||., < 0k(A)/2. Then

op =
lH 2HEHOP

|’(A+E)_1 op— O']%(A) :

Proof A little bit of algebra reveals that
(A+E)'—A'=A+E) AL

Thus, we have

1H HEHOP

-1 _
1(A+ E) op < o Aor(ATE)

We can lower bound the eigenvalues of A+ E by o;(A) and ||E||,,. More concretely, since
I(A+E)o2 > [[A0]l2 = [[EO]l2 > 01 (A) = | Ellop

holds for any ||0||2 = 1, we have ox(A + E) > ox(A) — ||Ell.,. By the assumption that
| E|lop < 0%(A)/2, we have o (A + E) > 01(A)/2. Then the desired bound follows. [ ]

Lemma 18 (Matrix Multiplication) Let A;, E; € R¥¥¥ pe gz’ven fori=1,...,n, where
the matriz A; and the perturbation matriz E; satisfy || A:| Ki, |Eillop < K;. Then

op_

n

[T4i+E) - f[ A;
=1

=1

n

"
—1 7 |lop
= (Z m)HKi-
op =1 =1

Proof By the triangle inequality, we have

n n

i=1 i=1 op i=1 \j=1 k= z+1 o

n 1—1 n
< Z HEi”w H ”Aj”op ( H HAk + Ek”op)

i=1 j=1 k=i+1
<Z2n ’LHEHOP HK

=1
~|E; Hop> o
(e
which completes the proof. |
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Lemma 19 (Matrix and Tensor Concentration) Let {X;}7_,, {Y;}7_; and {Z;}]_,
be i.i.d. samples from some distribution over R¥ with bounded support (|| X2 <1, |[Y]2 <1
and || Z||2 < 1 with probability 1). Then with probability at least 1 — 4,

1 — 1+ /log(1/§
*ZX]'@YJ'—E[XNX?YH Sw‘ (84)
Jj=1 F
1« 1+ /log(k/o
;ZXj@@Y}@Zj—E[Xl@Yl@Zl] Soii/)- (85)
i=1 F "

Proof Inequality (84) is proved in Lemma D.1 of Anandkumar et al. (2015). To prove
inequality (85), we note that for any tensor T € RF***F we can define k-by-k matrices
Ti,..., Ty such that (7;);, := Tijr. As a result, we have ITI% = Zle | T|%. If we set T
to be the tensor on the left hand side of inequality (85), then

T, =

S~

> (2] X)) e Y; ~El(2]) X)) & Y]
j=1

By applying the result of inequality (84), we find that with probability at least 1 — kd’, we
have

2 2
1« 14 /log(1/¢'
EZXJ-®YJ-®ZJ-—IE[X1®Y1®Z1] gk(\j?”) :

J=1 F

Setting ¢’ = §/k completes the proof. |
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